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We onsider the dynamis of eletromagneti elds in an almost - Friedmann -Robertson -Walker
universe using the ovariant and gauge - invariant approah of Ellis and Bruni. Fousing on the
situation where deviations from the bakground model are generated by tensor perturbations only,
we demonstrate that the oupling between gravitational waves and a weak magneti test eld an
generate eletromagneti waves. We show that this oupling leads to an initial pulse of eletro-
magneti waves whose width and amplitude is determined by the wavelengths of the magneti eld
and gravitational waves. A number of impliations for osmology are disussed, in partiular we
alulate an upper bound of the magnitude of this eet using limits on the quadrapole anisotropy
of the Cosmi Mirowave Bakground.
PACS: 04.30.Nk, 95.30.Sf, 98.80.-k, 98.80.Cq
I. INTRODUCTION
There have been numerous investigations on the sat-
tering of eletromagneti waves o gravitational elds
(See Refs. [1℄ for a representative sample). Most of this
researh have been foused on the eet gravitational
waves have on vauum eletromagneti elds. Other pa-
pers, see e.g. Refs. [2℄, also onsider situations in Astro-
physis where plasma eets are taken into aount.
Magneti elds play an important role in our Universe,
appearing on all sales from the solar system, through
interstellar and extra - galati sales, to intra - luster
sales of several Mp. Although magneti eld inhomo-
geneities have not yet been observed on sales as large
as those exhibited by Cosmi Mirowave Bakground
(CMB) anisotropies, it is natural to expet that mag-
neti elds exits on suh sales [3℄, and that they ould
play a role in the formation of large - sale struture. In-
deed many mehanisms have been proposed to explain
how these elds may be generated in the early universe -
a proess alled primordial magnetogenesis. For example
on small sales (less than the Hubble radius), QCD and
Eletro -Weak transitions an give rise to loal harge
separation leading to loal urrents whih an generate
magneti elds [4℄. Large - sale magneti elds an be
generated during ination or in pre - Big Bang models
based on string theory [5℄, in whih vauum utuations
are amplied via the inaton or dilaton.
The eet magneti elds have on density perturba-
tions has been studied extensively by a number of au-
thors, both in the ontext of Newtonian and Relativisti
Cosmology [6,7℄, but as yet there have been no studies of
their eet on gravitational wave perturbations.
In what follows, we use the well known ovariant and
gauge - invariant approah of Ellis and Bruni [8℄ to in-
vestigate this interation in the ontext of osmology by
onsidering the dynamis of eletromagneti elds in an
almost Friedmann -Robertson -Walker (FRW) universe,
fousing in the situation where deviations from the FRW
bakground are generated by tensor or gravitational wave
perturbations [9,10℄.
We show that in the presene of a weak (near -
homogeneous) magneti test eld propagating on the
bakground FRW model [11℄, the gravitational waves
ouple non - linearly to this eld to produe a pulse of
gravitationally indued eletromagneti waves. In par-
tiular, beause of the dierent ways in whih tensor per-
turbations enter the wave equations for the eletri and
magneti elds, respetively, there will be, in the ase
of long wavelength gravitational waves and large - sale
magneti elds, a growth in the expansion normalised
eletri eld, as the expansion normalised shear grows in
time.
This paper is organised as follows. After a short dis-
ussion of notation and onventions, in setion III we
outline in detail the linearisation proedure used to ap-
proximate the Einstein -Maxwell equations in osmol-
ogy. In setion IV we derive a set of non - linear wave
equations whih show how eletromagneti elds an be
generated when gravitational waves ouple to an near -
homogeneous magneti test eld propagating on the
FRW bakground. Finally in setion V we solve the equa-
tions perturbatively and use our results to put an upper
bound on the size of these gravitationally indued elds.
II. NOTATION AND CONVENTIONS
Notation and onventions are taken to be the same
as in [12℄. In partiular 8πG = c = 1; the projeted
1
spatial ovariant derivative a tensor T cd...ef... is given
by ∇˜aT
cd...
ef... ≡ h
b
ah
c
p . . . h
d
qh
r
e . . . h
s
f∇bT
p...q
r...s,
where ua is the 4 - veloity of the matter, gab is the metri
tensor and hab = gab+uaub is the spatial projetion ten-
sor (habu
b = 0). A dot denotes the ovariant derivative
along ua, so for any tensor T˙ cd...ef... ≡ u
a∇aT
cd...
ef....
We assume that the matter is desribed by irrotational
dust [13℄ so that the pressure p, aeleration vetor u˙a and
vortiity tensor ωab all vanish exatly. In this ase the
rst ovariant derivative of the 4 - veloity an be written
as ∇aub = σab+
1
3Θhab, where σab and Θ are respetively
the usual shear and volume expansion of the matter on-
gruene. We also dene the Hubble parameter H terms
of the expansion Θ and sale fator a in the usual way:
H = Θ/3 = a˙/a.
III. APPROXIMATIONS
In order to simplify the non - linear dynamis of the
oupled Einstein -Maxwell equations and to isolate the
eets we are looking for, we will adopt the following
approximation sheme based on two parameters: εg will
refer to quantities ourring in the gravitational equa-
tions, while εem haraterise the eletromagneti eld.
We assume that the gravitational equations follow the
almost FRW onditions [8℄, so that the energy density
µ and expansion Θ have a non - zero ontribution in the
bakground model and an therefore be onsidered O(0g)
while σab, Eab, and Hab vanish in the bakground and
are O(εg). In the ase of the Maxwell eld, we assume
that there is a weak magneti test eld Ba0 at O(0em)
whih propagates on the bakground FRW model, whose
gravitational inuene is given by the Alfvén parameter
ε ≡ (Ba0B
0
a/µ)
1/2
. On the other hand the eletri eld
Ea vanishes in the bakground and is onsidered to be
O(εem). The perturbation sheme we adopt is to drop
terms of O(ε2) (so that the magneti eld does not on-
tribute to the gravitational dynamis [7℄), O(ε2g), O(ε
2
em),
and O(εgεem).
In the ovariant approah to linear perturbations of
FRW models [8℄, pure tensor or gravitational wave per-
turbations are haraterised by the following ovariant
onditions [9,10℄:
∇˜bEab = 0 ⇒ ∇˜aµ = 0 , (1a)
∇˜bHab = 0 ⇒ ωa = 0 , (1b)
the rst one exludes salar (density) perturbations and
the seond, vetor (rotational) perturbations. The on-
ditions that the terms on the right hand side vanish, are
analogous to the transverse ondition on tensor pertur-
bations in the metri approah. In addition, we notie
that sine the Weyl tensor is the trae - free part of the
Riemann tensor, both Eab and Hab are trae - free, again
like the tensor perturbations of the Bardeen approah
[14℄.
Given the assumed equation of state, these onditions
also imply that the spatial gradient of the expansion ∇˜aΘ
vanish (see [8℄). Together with (1) these onditions pro-
vide a unique haraterisation of tensor perturbations.
IV. EINSTEIN -MAXWELL EQUATIONS
We assume overall harge neutrality and use the
Bianhi identities and Maxwell's equations as presented
in [12℄. Then, with the above prerequisites, we obtain
a set of non - linear wave equations for the gravitational
(σab: shear) and eletromagneti (E
a
, Ba: eletri and
magneti elds) degrees of freedom:
∆σab + 5Hσ˙ab +
3
2H
2σab = 0 , (2a)
∆Ea + 5HE˙a + 3H2Ea + j˙a +Θja = jaE , (2b)
∆Ba + 5HB˙a + 3H2Ba − ǫabc∇˜bjc = j
a
B , (2)
where
jaE = ǫ
abc∇˜b
(
σc
dBd
)
+ ǫabcσdb∇˜dBc +H
a
bB
b ,
jaB = 2Hσ
a
bB
b − 2EabB
b + σabB˙
b
(3)
are gravitational indued magneti and eletri urrents.
and Eab = −σ˙ab −
2
3Θσab and H
ab = ǫcd(a∇˜cσ
b)
d are
the eletri and magneti parts of the Weyl tensor. Also
∆f ≡ f¨ − ∇˜2f where f is any tensor orthogonal to ua.
In the above equations, the eletri and magneti elds
onsist of two parts, a ontribution due to the magneti
test eld Ba0 whih gives rise to the urrent j
a
[15℄ and
ontributions generated by the non - linear oupling of
this test eld to gravitational waves via the gravitation-
ally indued urrents jaE and j
a
B:
Ea = Eagrav , B
a = Ba0 +B
a
grav . (4)
V. ANALYTIC SOLUTIONS AND NUMERICAL
INTEGRATION
We solve the above equations perturbatively by rst
alulating the gravitationally indued urrents jaE and
jaB and then solving (2b) and (2) together with (2a) for
the gravitationally indued eletri and magneti elds.
To O(0em), Maxwell's equations [12℄ give E = 0 and
B˙a0 + 2HB
a
0 = 0 , (5)
whih we an integrate to obtain:
Ba0 = a
−2Aa(n) , ∇˜
aBb0 = a
−3Aab(n) , A
ab
(n) ≡ a∇˜
aAb(n) ,
(6)
2
where Aa(n) and A
ab
(n) determine the spatial variation of
the magneti test eld and are onstant along the uid
ow lines: A˙a(n) = A˙
ab
(n) = 0 [10℄. Furthermore we as-
sume that the spatial funtions Aa(n) and A
ab
(n) satisfy the
Helmholtz equation
∇˜2Aa(n) = −
n2
a2
Aa(n) , ∇˜
2Aab(n) = −
n2
a2
Aab(n) , (7)
in this way dening a spei length sale λB0 = 2πa/n
assoiated with the magneti eld determining its sale of
inhomogeneity, where n is a xed wavenumber assoiated
with that sale.
In order to solve equations (2) it is standard to de-
ompose physial (perturbed) elds into a spatial and
temporal part using eigenfuntions whih are solutions
of the Helmholtz equation [16℄. In the ase of the shear
tensor we write
σab =
∑
k
σ(k)Q
(k)
ab , Q˙
(k)
ab = 0 , (8)
where Q
(k)
ab is a tensor harmoni satisfying
∇˜2Q
(k)
ab = −
k2
a2
Q
(k)
ab . (9)
We an also dene higher order harmonis by taking o-
moving spatial derivatives of the lower order harmonis,
for example Q
(k)
abc ≡ a∇˜aQ
(k)
bc an easily be shown to sat-
isfy
∇˜2Q
(k)
abc = −
k2
a2
Q
(k)
abc . (10)
Using the above solution (6) (dropping the index n
whih indiates the sale length of Ba0 ), the deomposi-
tion (8) and writing
Eagrav =
∑
k
E(k)E
a
(k) , B
a
grav =
∑
k
H(k)H
a
(k) , (11)
the wave equations (2) beome
σ¨(k) + 5Hσ˙(k) +
(
3
2H
2 +
k2
a2
)
σ(k) = 0 , (12a)
E¨(k) + 5H E˙(k) +
(
3H2 +
k2
a2
+
n2
a2
)
E(k) = a
−3σ(k) ,
(12b)
H¨(k) + 5HH˙(k) +
(
3H2 +
k2
a2
+
n2
a2
)
H(k)
= 2a−2
(
σ˙(k) + 2Hσ(k)
)
, (12)
where
E(k)a =
3
2ǫabcQ
bcd
(k)Ad +
1
2ǫ
bcdQ
(k)
cdaAb
+ ǫabcQ
cd
(k)Abd + ǫabcQ
bd
(k)A
c
d , (13a)
and
H(k)a = Q
(k)
ab A
b . (13b)
It is straight forward to verify that the spatial funtions
Ea(k) and H
a
(k) also satisfy the Helmholtz equation.
In order to estimate the dynamial importane of our
elds we introdue expansion normalised variables
Σ(k) ≡
σ(k)
H
, E˜(k) ≡
E(k)
H
, H˜(k) ≡
H(k)
H
, (14)
giving us a set of sale invariant funtions (see, e.g. [17℄).
Introduing the onformal time parameter η (whose
dening equation is η˙ = a−1), the sale fator and Hub-
ble parameter for a dust FRW bakground are given by
a(η) = η2, H = 2η−3 (see, e.g. [18℄).
Substituting these into Eqs. (12) we obtain
Σ′′(k) + 2η
−1Σ′(k) +
(
−6η−2 + k2
)
Σ(k) = 0 , (15a)
E˜ ′′(k) + 2η
−1E˜ ′(k) + (k
2 + n2)E˜(k) = η
−2Σ(k) , (15b)
and
H˜′′(k) + 2η
−1H˜′(k) + (k
2 + n2)H˜(k)
= 2η−2(Σ′(k) + η
−1Σ(k)) . (15)
Equations (15) an be solved exatly in the long wave
length gravitational wave limit (i.e. the term k2/a2 is
small ompared to the other terms in the wave equa-
tions), but a numerial investigation gives more transpar-
ent results. It turns out to be onvenient to introdue the
variables A(k,n) ≡ E˜(k)η
2
0/Σ(η0), B(k,n) ≡ H˜(k)η
2
0/Σ(η0),
where η0 and Σ(η0) are respetively the initial values of
the onformal time and the normalised shear, and we
have reinstated the index n indiating the sale length of
Ba0 . These variables are invariant with respet to hanges
in η0 and Σ(η0), thus giving us a sale invariant measure
of the generated eletromagneti eld. Performing the
integration for various values of the wave number n for
the magneti test eld, we nd that the normalised ele-
tri eld A(k,n) tends to a onstant value whih depends
linearly on the initial value of the shear perturbation,
while the normalised magneti eld B(k,n) tends asymp-
totially to zero (see Figs. 1 & 2 below).
In the long wave length gravitational wave ase, the ex-
pansion normalised shear is given by Σ(klong) =
3
4C1η
2 −
3C2η
−3
, where C1 and C2 are integration onstants. For
late times, during the matter dominated era (when the
equation of state p = 0 applies), the seond term in
Σ(klong) an be negleted. In this way we an easily ob-
tain the late time behaviour of the expansion normalised
gravitationally indued eletri eld:
3
E˜(klong) =


1
12pi2
(
λB0
λH
)
Σ(klong) , n 6= 0
1
6Σ(klong) , n = 0 ,
(16)
where λH = 1/H is the Hubble radius during that epoh.
It follows the generated eletri eld is proportional to
the expansion normalised shear. Sine the normalised
magneti eld asymptotially tends to zero, the above
results demonstrate that eletri elds produed by this
eet ould play an important dynamial role in the early
universe, possibly ausing harge separation. Further-
more, beause the asymptoti value of the eletri eld is
proportional to the magnitude of the shear, we an use
the CMB anisotropy limits on Σ to give an upper bound
on the size of this eet [19℄:
E˜(klong)
<
∼


(
λB0
λH
)
× 10−6 , n 6= 0
2× 10−5 , n = 0 .
(17)
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FIG. 1. Expansion normalised gravitationally indued ele-
tri eld for dierent values of the magneti wavenumber n.
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FIG. 2. Expansion normalised gravitationally indued
magneti eld for dierent values of the magneti wavenum-
ber n.
VI. DISCUSSION
In this paper we derived a set of non - linear wave equa-
tions whih demonstrate how eletromagneti elds an
be generated when gravitational waves ouple to an near -
homogeneous magneti test eld propagating on a FRW
bakground. In partiular we found that for long wave-
length gravitational waves, the gravitationally indued
elds are proportional to the magnitude of the expan-
sion normalised shear whih haraterise tensor pertur-
bations. This allows a simple determination of an up-
per bound on the magnitude of these elds based on the
quadrapole anisotropy of the Cosmi Mirowave Bak-
ground.
We note that this paper has not onsidered the bak -
reation of this eet on the gravitational dynamis,
whih although small may also give rise to interesting
results. This issue will be explored in a forthoming pa-
per [20℄.
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